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1 IGP & NP ( Iwerse Gulius Problem,  Noether Problem )
32 : Spbly / retract rutionality .
§3 ¢ NP & Gi/@ <« Cavtiit mop XERE
$
B IGP
Hrblem
IGP(RG) ¢ %k: o field
G: firite group
Then T there

L/G ' Qulole extension  Gx) GQ,Q(L/,&) ~ G ?
~> (e) 31 < gL (FA) v G‘Q@/ﬁ)/}-\ >~ G °
Noturtion
R oa feld
G : finte grup

Ge:= G (R/8)
FFq: o finte feld

Example 1

ngeg where IGP (R, Y& ) does &\' held : (R: fx (Rezi=, GE{.{E RIRARS -7 3
D k=% ~ G&= {1y
@ B= ]‘Fq_ ~~> Gy > 34 = JL\_"" 7‘/7174 (he,) LR Cyc/ic grop.

@ k= QP wam., ¥ K/B : sovable extersion (7ey G (Y%) ts solwabls .

Exowple 2
Coses where  IGP (&, YG) holds:
® Fgmc‘b < Abel extensiont

@ &)



AR xL,
Example 3

Coses where IGP (B.G) holds :
(1) G: Abel T Kronecker — Weber |

G : solvable [ Shofareich 1
@ G: Smple

i Cp < ( condifion (1))
(i An Mz5) [Hibere] - NP i3 n=ze6 ¢ KigR
Wy growps of Lie type / FFa
PSLa(Fy) [ Zywina] 4 Galouis representortion. !

(V) Sporadic goup excepr fu- M2z, (" ¥igidity critevion” * Monster [ Tompson )
others [ Malle %

Bamle 4
Open aases
PSla(F ) Hr  p=2. m29, p:odd, m23.
Ma3
SPUs (Fg) #4335
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m NP
Problem

NP(R, G) : &:a Feld
6: a fivite group

G YV R(%| 4€@) o5 he () 1= Ang for Y hgeG .
Gq’ ' rvial .

Then s RG) = (| 3€G)E rmiomR /R 7

Gey)  RG) = R(3ty, ., 3tyg) + purely +rans.

* Noethen's strateay . Func. field \oriety
NP(R.G) Tt affirmetive. (%l 3ea) \P?

ey R(G) T ratiod /R

G-ext . ,l'
= 3g: R, twe) & RG) ‘\
I .
* ) PR4
i ~
’\’?)’ B'F (-E)XB S ‘E(-.{E) EX] (st /S\,PL( f(t’x) /%(ts\) /‘ﬁ(t) . G-QX‘t. S | @
N minime, Spiiteing Geld,
%+ Hilbert //%G
~—~—y 3 wg e (g1 GL(f@ixi/g) ~G . => IGP(R.Q) hdds
Remark

R NF (fin. &t of @) 5 Hibert.
% =%, R=Fg © Nor Hibex.
Henseliom > @, BEET 75 Not Hilbort

f(t:X) has  "mice Property i
\!
” qeneyric”
Definition [ generic G/& polynomic ] L
i
R mfiite Geld . G-exe 7 +Cx)

G : finte group. l /
&

F(t:x) € ROX] © a generic G/g - F(:»Q‘jnomic.a

Spl(—=)
/G-exr

d
g—? O: S (FEX /44y /8@y G -ext
@: Yk, ¥ L/K “G-ext . Thew 2Qe®R w5l (F(alm)/k> =

V4
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Theorem [ Kyuk '8471

® 0 Hilbert
FEX) ™ @ s & genelic S/% 'Faggpcvieﬂ-

Remowke [ &Meyev\ '83 1 [ Kewmpen 701 ]
19335 De Meyer 1Y Jenevic G/p - poly. & B LTuTer2 3, LR AF bAFhTulz -

@: YH=Gg, Rc KB, Then, f "M/K * Hilber
g c B Gy Sp\("F(Q“X)/k) =M.
—-%, 2001 & Kemper & O/ @ n5 @) tr feH2rERLTE.

§2

B Ratiowclity Problem 2 NP

Problem

RP ¢ R:a feld

PR
GAR " tividl & GV F os anbomophism (ie. G< Aura (F) )
Ik FG rationadd /B 2

Remork

- RP fr left requQh action = NP(RG)
( Blxg lgea))

© For F=Bt) alwys F®is rotiond LB [Lilm‘\‘k’s thesrem |

Ihmm[ er ~ Mettig /00
Kemp iy foerba < T
GNHhYR 2 trivial Ihin. P‘Q)'- r
% Hilbert. ‘\

G VE v ineor Faithfd =

Then F6 & htimd /R = f(t;X) © a generic G/% - pully .
Il

271 (£00)
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Example 1 [ Kummer theony ]

2
% ) ?_n = e m %(‘K) _‘\
‘ ,:>Ch-ex1:.
G i= Cy= <> ‘<
" e

s B(x) n ”

k(™) <—( e B(0)® \
F2(X) = X" 1" & Trredudble /B (x )

B (£ 00) = F(£3X) =X"—t 15 a gen O/ R -paly .

‘ o(x) = gh(xn = EW

&E‘rﬁm [Endo- Miyata ‘73 Poposivion 113
F: a feld
GNATF : fathfl .

Vi= ‘é‘DFuc : F ~vecter Space .
=1

GV . semilincar (€) foo Teq , FW) = Flug, v, un)

n
glaus) = cr(m;?;](lgkcr)u} (. GjeF)

The
! FWooun)® & mtiond /F8 — T FC & i /R, then Flupmte)® rosied /8
(pruof)
Uy Uy
a : = P )
( un) (Q‘J (0‘3) ( (:{n)
h
Ar & GLy(F)
We define
F: G — GLl(F)
(R Ac .
Then we obtamn
U W U
n(urm) = ((A«)- ¢(At\5(&“> = J(wwﬂﬂ(&“)

Q flety = F™ o fxy <« cocycle condition
Q Je 2, GL(F)) ={fe Map (&) | fov) =T F() §
Foct : THilbert 90 fo 6W(F)]

HY (G GL(F) =L



Awsn @)
Remarle
£
HI(GA) = ZGA /o | wee foq & e A sm @a)r09@ (re6)

By Hilb%0, wele F~ 1 (dowity matix) . ~~es 2P cBla(®) 1) Fo)= @‘(P)T‘P,

We pue = -
) = ()
Then Y v
(1) = < (P(5)) = oo (e(D) = e s (L) =p(2)=(3)

Q TUi=V;fpomyt. Ge FV= Fu,n

L Ua) € = Floy e 00)8 = F%\h-,~~-,bn)

0

COroHag [ No name lemma_]

W CV : fahfld F(G) -submodule .

Then FWC s rationad / F(w)©
Corollawy [ Pormutotion NP T EGiallony 2

oM T
G<Sn, B:afeld. B G 13 fathll RAE R 2113 KB, | V= @ B —— NP
3cG &
G My fz,(%\,m,w\) as ) = Loy
W= ORL: o form NP

Then,

R, v, )8 B mtiowd /R = NP(RG) hdd . <EBRI3 .

Example 2 [ Perm. NP 1
G6=5y .

R~ Y™ = B(g, -, Sn) (sc 13 URERERIBIN
By (Cor. Perm.NP) NP(E, S0) holds .



ARTh
® Stbly / retoct fotiond

B EN .

£ a feld
F: fm.gon. Reld /R

U n swle el 7% S Bl e 550) E vesed /R

def
: F s retvact YQT'\othJ /'E (\E ¢ Tfivite feld) = = ﬁ-—agg R € B isx
iy F = Qust(R)
) 3} e BT, %

P _;-: ﬁ[@ - Al Y%J

(sk) gV =1dR.

« F un mioncﬁ//ﬁ g F < E travnd /B .

” = L / : N
T potionl? =>  “stob. rotiwad 7 i " retroar Wationdd” = *uni rabonR”

o > -
[ Beaurille, Clioty, Sunsuc | Synnerton - Dﬁh% [S(OQ‘T&'\)/ ]2
F= QW) {Sohmn’&%—]
SR R(Cqn) 2 Nor Seb.rot.

(CF)  “Not ot [Swonn /9]
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D_&.\

FIF,: 'F]hgeh /%
F*’%’ F/ g F(ax\,--waxn) = F(Eg\,.__la\gmﬁ

ncE, Fe B3 swobly equiv. tuy |
Theorou,
% wh ne feld

/ & iff :
F = F' mow, F o2 oret.votiowmd /% g;) E - rer. oo /B

Bz,
F o oswbe, mt. /8 = Foorer va /3
(Emd:)
4% % 0B EFRT

MRes Fom B, o 3D < owened /%
]
R(3x, oo, 22

S Swmble

R  bebect wotind /R
Q F : revacr movind /B Q

Lemma LSwon's low

i TAL Zeld
G- a R Growp
F: Road¥raae fin - gen -
& Y.
R\g t fin. gen swb 'E.—a\g of F (st RS Qre closed undev“i‘l‘lﬂc‘ﬁ?“ / Quer (R) = Quir (S)
01 G
Then
pr ¢RE, ¥se S¢ sy RI41 = sl3]
\Hbo{:)
S:= k{3, ..., 2au]

“eh al = -%-:- }W Seme xl QR L C; € R S‘hce Q\.\*’TKR» ~ Q\Aq(s)
Ci= GisCy , Pz TV 80 & RE.

req

~ S c R

S\h}l&v—)\j Sse S° 58 R [‘,‘:1 < S [?‘]
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@ REH1l1 = siE]
3t ¢ R 3ty S= -‘:h (Cne i) © scri+l.

Thew  T= Sr* €RG.

B Apet o & (F%F'; Tovet ot =5 & il put, )
We showthet  Firet ratin /78 = F(g,.., T) ¢ rer rticd /8

S\
B/ (3 e ) Yer potied / B

=  F :ret roviend /B

def
F e wwtiod [# & 3IR cF :ﬁ—eyq v - QuelR) =F

b
© R ;r\p Rl%mt, - Lw'} [3—1:]

We pur R= Rolt 2l vhoe  Fla,omn aa) = F8,-, 90D
Thea  Flai, %) Ts rer. wticld /8.
Q

R c Flw, «, ) ¢ -g~q98e})m sm)  GeiR)= F(x,~, )

R t _ﬁIQl bt ‘XM,TJCH.»-%.’] L.l‘?.j

@ F/ (%1, 4m)  1s ter, vovindl / B .
We -toke ACTF'* fingen. ‘B-eﬁ& st) Qe (AY = F.

Quet (R) = Quit (AlYi v Ymd)
By Swomls \emwma R[+1 = A[&l;--—.‘énl[‘é] for some Pe R, te ALY, - Yml .
~—3 3 '\‘/l . Atg\;~-,§m] — A = mop s 'B-—c.Qg ey $(E)X Q.

a= Vi e A (CRIE]) = % Tor some SeR, e N

© A4 9.1T4) = RILITE] = RIL Y ——v;i $ 0 1 [ )

A ' \ «El
® Vo AC%,-. 93T+ — ATL]

@



~~ ATE LY — 1R 1 — AR
W
(\
Rl
o AR 4__% RI-%7 ‘_i* ﬁ[&r---‘&m][’[‘,]
% ¥ £

®© T/ w et wtind /R

Theorem [ Sottman /82, Remayer ‘§31

G - £in g
F: fin. 3:.‘7 /R infinie,

GCNAF  {fwhlL
FG % per rotinds &= P gevenc G/ - poQg.

& va(A[_aL]) =F" .
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